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Abstract

We report two information cascade game experiments that directly test the impact of altruism on
observational learning. Participants interact in two parallel sequences, the observed and the
unobserved sequence. Only the actions of the observed entail informational benefits to
subsequent participants. We find that observed contradict their private information significantly
less often than unobserved when the monetary incentives to herd are moderately weak. Long
laboratory cascades accumulate substantial public information which increases the earnings of
participants. In Experiment 2, participants have better opportunities to learn about the strategies
played by observed which amplifies the impact of altruism on observational learning.
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of contradictions collected in identical guessing situations. The abscissae of bubbles are given by
levels of value_contra_PI and the size of a bubble reflects the number of occurrences of the situation.
The ordinates of black, dark gray, light gray and white bubbles are given by the proportions of
contradictions for unobserved, observed in part 2, 3 and 4, respectively. Notice that the four sets of
bubbles have different abscissae since the levels of value_contra_PI have been estimated separately
for the two sequences of participants in part 2 and for the different parts in the observed sequence.
And each bubble corresponds to a guessing situation which occurs at least 10 times as value_contra_PI
is likely to be far away from the true expected value of contradicting private information for rarely
occurring situations. There are 139 distinct guessing situations depicted in the figure for a total of
6,329 individual observations.

Figure 2 also superimposes fitted lines from a weighted linear regression that includes a cubic
polynomial in value_contra_PI fully interacted with indicator variables for unobserved and observed in
part 3 and in part 4 of sessions.'® To correct for the fact that value_contra_PI imperfectly measures
the true expected value of contradicting private information, we follow the split-sample instrumental
variable (IV) method described in Weizsécker (2010) which obtains an instrument by partitioning
the dataset in two subsamples. The black, dark gray, light gray and dotted line is the fitted line for
unobserved, observed in part 2, 3 and 4, respectively. Appendix D in the supplementary material
details the derivation of value_contra_PI and the split-sample instrumental variable method, it reports
the regression results, and it also contains robustness checks with different subsets of data and OLS
specifications. In almost all instances we find the same qualitative results and the few dissimilarities

are mentioned below.

FIGURE 2. PROPORTION OF PRIVATE INFORMATION CONTRADICTIONS (Exp. 1)

8The regression was run using the data from our two experiments meaning that all regressors are also interacted with

an indicator variable for Experiment 2.
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We first discuss unobserved responses to the empirical value of contradicting private information as
they provide a benchmark against which to assess the influence of altruism on observational learning
behavior. Indeed, since their guesses never reveal any information to others, we expect unobserved to
make money-maximizing guesses as long as they are able to use their available information successfully.

In situations where their private information happens to support the empirically optimal guess
unobserved largely follow their signal. Averaging across observations where value_contra_PI < 0.5,
the relative frequency of unobserved guesses that are optimal is 0.922. Even in the more challenging
situations where their private information is correct in less than half of the cases unobserved often
guess optimally and follow others. Averaging across observations where value_contra_PI > 0.5, the
relative frequency of unobserved guesses that are optimal is 0.761. Notice that incentives to act
optimally are much stronger in the left than in the right half of the figure as value_contra_PI ranges
(approximately) between 0.1 and 0.7. For similar incentive levels, the reluctance of unobserved to
contradict private information is comparable in the two halves of the figure: Across observations
where 0.3 < walue_contra_PI < 0.5, the relative frequency of unobserved guesses that are optimal
is 0.785 on average. The proportions of contradictions therefore indicate that unobserved respond
strongly to the empirical value of contradicting private information. Still, if the average unobserved
were to make the money-maximizing guess in each situation, the fitted line for unobserved would be
an S-shaped line through (0.5, 0.5). Actually, the dark line goes through (0.5, 0.279) and (0.549,
0.5), and we reject the hypothesis that unobserved probabilistically best respond to the value of their
available information as the vertical distance between the dark line and (0.5, 0.5) is strongly significant
(two-tailed p-value < 0.01). Only in situations where the empirical likelihood of the private signal being
wrong is at least 0.549 does the average unobserved contradict private information more often than
not. We conclude that in most situations unobserved make the money-maximizing guess though they
fall short of successfully learning from others. When the monetary incentives to follow others are
the weakest unobserved imperfectly assess the value of their available information and act as if they
overweight their private information relative to the public information contained in the history of
observed guesses.”

We now discuss the observed responses to the empirical value of contradicting private information.
Differences between the proportions of observed and unobserved contradictions in the left half of
the figure show that observed are more likely to follow their private information than unobserved in
situations where private and public information are concordant. Averaging across observations where
value_contra_PI < 0.5, the relative frequency of optimal guesses is 0.952, 0.951 and 0.981 for observed
in part 2, part 3 and part 4 of sessions, respectively. Differences in the likelihood of errors between
observed and unobserved also increase as monetary incentives decrease. Averaging across observations
where 0.3 < value_contra_PI < 0.5, the relative frequency of guesses in line with private information is
0.909, 0.924 and 0.958 for observed in part 2, 3 and 4, respectively.

The main insight of our theoretical analysis is that altruism induces more informative observational
learning and our data largely support this intuitive prediction. Averaging across observations where
value_contra_PI > 0.5, the relative frequency of contradictions is 0.653, 0.542 and 0.468 for observed

in part 2, 3 and 4, respectively. Moreover, as the monetary incentives to follow others increase, the

19Not all robustness checks confirm this last observation. For the OLS specification, we fail to reject the null hypothesis
that the true correspondence between the value of contradicting and its frequency goes through (0.5, 0.5) even for subsets

of data where the monetary incentives are precisely measured.
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proportions of observed contradictions tend to get closer to the proportions of unobserved contra-
dictions. The difference between the proportion of unobserved and observed contradictions averaged
across observations where 0.5 < value_contra_PI < 0.6 is 0.092, 0.386 and 0.577 for observed in part 2,
3 and 4, respectively. The same difference averaged across observations where value_contra_PI > 0.6
is -0.044, 0.056 and 0.210 for observed in part 2, 3 and 4, respectively. We test whether observed act
more informatively than unobserved by comparing predicted frequencies to contradict private infor-
mation at value_contra_PI = 0.549 which corresponds to the level of monetary incentives necessary for
unobserved to follow others with more than probability one-half. We find that the vertical distance
between the fitted line and (0.549, 0.5) is strongly significant for observed in all the later parts of
sessions (one-tailed p-values < 0.01). The same conclusions hold for predicted frequencies to contra-
dict private information after “full agreement” histories i.e. histories which contain either only blue
or orange guesses. Our findings are therefore robust to the exclusion of the relatively few guessing
situations where value_contra_PI is close to one-half but participants have few successors.

Observed act more informatively than unobserved in part 2 of sessions and observed also become
more reluctant to contradict their private information as the session progresses. Indeed, predicted
observed frequencies to contradict private information at value_contra_PI = 0.549 differ significantly
between parts 2 and 3 (two-tailed p-value < 0.01) as well as between parts 3 and 4 (two-tailed p-value
=0.04). Our interpretation of these behavioral dynamics is that, as they accumulate experiences in the
cascade game, observed better understand that in certain situations informative observational learning
induces small monetary costs for them but large monetary benefits for their successors (observed
monetary payoffs are discussed in the next subsection). It is doubtful that the change in the signal
quality of unobserved across parts explains much of the observed behavioral dynamics. In part 3
unobserved are endowed with private signals of high quality which implies that they have little to
gain from observed acting informatively. Though unobserved have more to gain from observed acting
informatively in part 4, as they are endowed with private signals of low quality, LQRE predictions
show that this small increase in information benefits should hardly affect observed responses to the
empirical value of contradicting private information.?°

To summarize, unobserved make the money-maximizing guess in all situations except in those where
the monetary incentives to follow others are the weakest. This observation suggests that the reluctance
of participants to contradict private information in cascade games is partly due to cognitive biases
which prevent participants to successfully learn from others. More importantly, observed contradict
their private information significantly less often than unobserved in situations where the monetary
incentives to follow others are moderately weak. Future informational gains of guesses therefore
enhance the overemphasis on private information in our first experiment. Omnce the incentives to
follow others are strong enough observed contradict their private information to the same extent as

unobserved.

20Though the standard LQRE is an imperfect benchmark to capture the average behavior of unobserved, we believe
that LQRE predictions are helpful to understand the influence of future informational gains of guesses on the responses
to monetary incentives. Appendix C.3.1 of the supplementary material illustrates the predicted differences between

observed and unobserved responses to value_contra_PI.
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Indirect Evidence of Altruistic Behavior in Previous Cascade Game Experiments

Finally, we investigate whether participants’ responses to wvalue_contra_PI in previous cascade game
experiments are also supportive of altruistic observational learning. Though previous settings are
ill-suited to cleanly measure the influence of altruism on observational learning, participants’ behavior
should vary with the length of the cascade game if they recognize the value of signaling information.
Indeed, for any given o > 0, longer sequences of players induce stronger responses to private information
in the altruistic observational learning game as more successors benefit from informative actions.
Participants should therefore contradict their private information more often in cascade games with
short decision sequences than in cascade games with long decision sequences when the monetary
incentives to follow others are moderately weak. We test this prediction by comparing the responses
to walue_contra_PI in the short (T' < 6) and long cascade games contained in the meta-dataset of
Ziegelmeyer, March, and Kriigel (2013) (see Appendix D.2 for details).

The regression analysis delivers two main results. First, participants in short cascade games are
reluctant to contradict their private information when monetary incentives to follow others are mod-
erately weak. The fitted line for short cascade games goes through (0.5, 0.328) and (0.592, 0.5), and
we reject the hypothesis that the average participant always makes the money-maximizing guess as
the vertical distance between the fitted line and (0.5, 0.5) is strongly significant (two-tailed p-value
< 0.01). Second, observational learning is significantly more informative in long than in short cascade
games. The fitted line for long cascade games goes through (0.5, 0.241) and (0.662, 0.5), and we find
that the vertical distance between the fitted line and (0.592, 0.5) is strongly significant (one-tailed p-
value < 0.01). Thus, participants’ responses to value_contra_PI in previous cascade game experiments
provide additional support for the influence of future informational gains of guesses on observational

learning.

4.3 Information Aggregation and Fractions of Correct Guesses

An increase in the response to private information at small contrary majorities is potentially beneficial
for the two sequences of participants though the observed who acts informatively incurs a modest
monetary cost. Indeed, large majorities should accumulate more public information which in turn
might heighten the relative frequency of correct guesses. In this subsection we investigate whether the
reluctance of observed to contradict their private information entails the benefits predicted by altruistic
observational learning. First, we measure the amount of information aggregated by observed guesses

in the different parts of sessions. Second, we analyze participants’ earnings in the two sequences.

4.3.1 Measuring the Information Aggregated by Observed Guesses

Subsection 4.2 has established that in situations where the monetary incentives to follow others are
moderately weak observed become more reluctant to contradict their private information as the ses-
sion progresses. These behavioral dynamics offer the opportunity to check whether increased responses
to private information enhance the informativeness of public information. If observational learning
becomes more informative as the session progresses then large majorities should aggregate more infor-
mation in later parts of sessions. We also assess the informational efficiency of observational learning
behavior by comparing the amount of information aggregated in large majorities of observed guesses

to the amount of information aggregated in standard equilibrium majorities.
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The empirical value of contradicting private information is a natural measure of the information
aggregated by a sequence of guesses. The more information guesses aggregate the lower the levels
of walue_contra_PI at large favoring majorities and the higher the levels of value_contra_PI at large
contrary majorities. For example, when averaged over signal realizations, a sequence of guesses con-
tains no valuable information if value_contra_PI =1/3, a favoring majority aggregates one (resp. two)
private signal(s) if value_contra_-PI = 1/5 (resp. 1/9), and a contrary majority aggregates one (resp.
two) private signal(s) if value_contra_PI =1/2 (resp. 2/3).

To test whether more information is aggregated in later parts of sessions, we regress value_contra_PI
on indicator variables for parts fully interacted with indicator variables for the type of majority (all
regressors are also interacted with an experiment dummy as the analysis uses the data from our
two experiments). We distinguish between large favoring majorities, moderate majorities, and large
contrary majorities where the size of a large majority belongs to {3,4,5,6}. For the sake of conciseness,
the two signal realizations are bundled together. We use an OLS specification with robust standard
errors clustered at the session level and we include every guessing situation for which value_contra_PI
can be computed. Table 1 reports the predicted levels of value_contra_PI by session parts and types
of majorities. Appendix D.3 in the supplementary material reports the regression results as well as
robustness checks where the analysis is restricted to subsamples with a more precise measurement of
value_contra_PI and where the size of a large majority belongs to {4,5,6}. In all instances we obtain

the same qualitative results in Experiment 1.

Part 2 Part 3 Part 4
Large Favoring Majorities 0.154 0.134 0.108
(0.147, 0.160) (0.112, 0.157) (0.104, 0.112)
Moderate Majorities 0.330 0.335 0.340
(0.314, 0.345) (0.322, 0.348) (0.324, 0.357)
Large Contrary Majorities 0.578 0.617 0.671
(0.569, 0.586) (0.598, 0.635) (0.657, 0.685)

Every guessing situation for which value_contra_PI can be computed is included for a total
of 7,068 individual observations. 95% robust confidence interval in brackets, clustered at

the session level and constructed using the delta method.

TABLE 1. PREDICTED LEVELS OF walue_contra_PI IN THE Observed SEQUENCE (Exp. 1)

The regression analysis confirms that large majorities aggregate more information in later parts of
sessions. At large favoring majorities the predicted level of value_contra_PI equals 0.154, 0.134 and
0.108 in part 2, 3 and 4, respectively. Differences in the predicted levels of value_contra_PI between
parts are significant (one-tailed p-value = 0.046 for part 2 versus part 3 and 0.016 for part 3 versus
part 4). At large contrary majorities the predicted level of wvalue_contra-PI equals 0.578, 0.617 and
0.671 in part 2, 3 and 4, respectively. Differences in the predicted levels of value_contra_PI between
parts are always strongly significant (one-tailed p-values < 0.01). On the other hand, the predicted
levels of value_contra_PI do not differ significantly between parts at moderate majorities which, as
expected, contain no valuable information on average.

We now compare the empirical and theoretical levels of the value of contradicting private infor-
mation to assess how successful observed are in aggregating information. In the standard sequential

equilibrium, the value of contradicting private information equals 51/89 ~ 0.573 at any contrary ma-
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jority of size larger than 2 and 19/121 ~ 0.157 at any favoring majority of size larger than 2. Table 1
shows that in each part of the sessions large majorities of observed guesses aggregate at least as much
information as any equilibrium history, and in parts 3 and 4 significantly more information is aggre-
gated. In fact, large majorities of observed guesses in part 4 aggregate significantly more information
than any standard LQRE history since the value of contradicting private information belongs to the
range [0.124, 0.639] for every equilibrium history and every A > 0 in our laboratory cascade game.

In sum, the predicted levels of value_contra_PI in the different parts confirm that observed guesses
become more informative as the session progresses. Eventually more public information is accumulated
in the observed sequence than in the standard LQRE. Future informational gains of guesses therefore

improve the information aggregation process in our first experiment.

Information Aggregation in Similar Cascade Game Experiments

In the previous subsection, we have shown that participants contradict their private information
more often in cascade games with short decision sequences than in cascade games with long decision
sequences when the monetary incentives to follow others are moderately weak. Long cascade games
should therefore aggregate more information at large majorities than short cascade games (given
the sequence length of short games, the size of a large majority belongs to {3, 4, 5}). We regress
value_contra_PI on an indicator variable for the length of the game fully interacted with indicator
variables for the type of majority, and we test the hypothesis by comparing the predicted levels of
value_contra_PI at large majorities in short and long cascade games. For the sake of comparability
with the predicted levels in our experiment, we only include previous cascade games with a unique
signal quality equal to 2/3 (for subsets of data where value_contra_PI is measured precisely, the same
qualitative results hold in the entire sample of games).

We find that the predicted level of walue_contra_PI at moderate majorities is identical in both
game lengths (0.328) and that large majorities aggregate significantly more information in long than
in short games (one-tailed p-values < 0.01). Moreover, for large majorities the predicted levels of
value_contra_PI in part 4 of our experiment are comparable to those in short games (0.101 and 0.689)
but they are significantly lower than those in long games (0.077 and 0.755) as confidence intervals

don’t overlap.

4.3.2 Relative Frequencies of Correct (Guesses

Finally, we compare the earnings of observed and unobserved in part 2 as well as the earnings of
observed across parts 2 to 4 in Experiment 1. Earnings are measured by use of the dummy variable
correct which takes value one if the guess is correct and zero otherwise. We first regress the relative
frequency of correct guesses against indicator variables for observed in the different parts interacted
with an indicator variable for Experiment 2. Second, we control for the monetary incentives to make
the correct guess by including the variable wvalue_correct which equals value_contra_PI if the private
signal supports the wrong guess and 1 - wvalue_contra_PI otherwise. The second regression follows
the split-sample IV method and it uses guessing situations which occur at least ten times. In both
regressions, unobserved guesses made in period 8 are excluded for the sake of comparability. Columns
(1) and (2) of Table 2 reports the OLS and IV regression results.

As shown in the first column of the table, the earnings of observed and unobserved in part 2 are
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Dependent variable is correct guess

OLS v
Observed in part 2 0.000 0.038***
(0.010) (0.013)
Observed in part 3 0.018 -0.028
(0.029) (0.040)
Observed in part 4 0.006 0.068***
(0.051) (0.012)
Experiment 2 0.057 0.024
(0.039) (0.019)
Experiment 2 x observed in part 2 -0.014 -0.008
(0.020) (0.030)
Experiment 2 x observed in part 3 -0.124*% 0.028
(0.052) (0.054)
Experiment 2 x observed in part 4 -0.062 —-0.085**
(0.077) (0.030)
value_correct 1.612***
(0.076)
Constant 0.675*** —0.345***
(0.027) (0.050)
Observations 12,600 9,695
Cluster 15 15
R? 0.004 0.270

Robust standard errors in parentheses, clustered at the session level.
“* (5%) and *** (1%) significance level.

TABLE 2. FREQUENCIES OF CORRECT GUESSES (Exp. 1 AND 2)

identical. At first the result seems surprising since observed and unobserved equally benefit from the
increased response to private information but only the former incur the costs. However, we should
remember that observed follow their private information more often than unobserved also in situations
where value_contra_PI < 1/2 which is clearly beneficial (the relative frequency of optimal guesses is
0.922 and 0.952 for unobserved and observed, respectively). By reducing the likelihood of errors in
situations where private and public information agree, the altruistic behavior of observed compen-
sates for the costs of aggregating more information. Once the benefits of more information being
aggregated are taken into account, altruistic observational learning enhances the average monetary
payoff. Compared to part 2, observed make the correct guess more often in part 3 and in part 4
though the difference is never statistically significant. We also note that the earnings of participants
in Experiment 1 are comparable to the highest earnings predicted by the standard LQRE.
Importantly enough, the absence of a difference in the earnings of observed and unobserved does
not reflect the fact that on average participants in the two sequences use their available information
equally efficiently. Indeed, in each repetition of the cascade game, there are eight unobserved guesses in

every period but there are only 8t observed guesses in period t € {1,...,7}. This feature of our design
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implies that unobserved make relatively more guesses at large majorities than observed which puts the
latter at a disadvantage. The proportion of guesses made at large majorities equals 39% and 23% in
the unobserved and observed sequence, respectively. Our second regression controls for the incentives
to make the correct guess which enables us to assess whether the altruistic behavior of observed leads
them to use their available information more efficiently than unobserved. As shown in the second
column of the table, we find that once incentives are controlled for the relative frequency of correct
guesses is significantly higher for observed than for unobserved at the 1% level.?! Because observed
become more reluctant to contradict their private information as the session progresses, the proportion
of observed guesses made at large majorities decreases to 20% in parts 3 and 4. Once incentives are
controlled for we find that the relative frequency of correct guesses is lower for observed in part 3 than
in part 2 though not significantly so whereas the relative frequency of correct guesses is significantly
higher for observed in part 4 than in part 2 at the 5% level. These findings are mainly driven by the
fact that, averaged across observations where value_contra_PI < 1/2, the relative frequency of optimal
guesses is 0.951 and 0.982 for observed in part 3 and 4, respectively.

We conclude that altruism enhances the monetary payoffs of participants in our first experiment

as its associated benefits more than compensate for its associated costs.

5 Results of Experiment 2

In addition to the information they provide in Experiment 1, the feedback screens in Experiment 2
disclose the private signals of the public guesses after each repetition of the cascade game. Thus,
participants in Experiment 2 are offered better opportunities to learn about the strategies played
by observed in the cascade game. We expect the additional feedback to influence the observational
learning behavior of participants differently in the two sequences. On the one hand, unobserved should
more often extract the correct information from the public guesses. And since their guesses entail no
future information benefits, unobserved should more frequently make the money-maximizing guess for
a given value of the available information especially if inferential biases are the main driving force of
their overemphasis on private information. On the other hand, though they should also better assess
the informational content of public histories, observed are still expected to guess in accordance with
their private information when the incentives to follow others are moderately weak. In fact, given
the net benefits of altruistic behavior in Experiment 1, the guesses of observed should be even more
informative in situations where the costs of following private information are negligible but the benefits
for others are large. And if observed are more successful at identifying the strategies played by their
predecessors they should more frequently make the money-maximizing guess in situations where the
monetary incentives to follow others are strong. Thus, observed could coordinate on a more efficient
outcome under reduced behavioral uncertainty.

We report the results of Experiment 2 following the same structure as in the previous section.
We first provide some descriptive statistics, we then compare the proportion of private information
contradictions in the two sequences of participants when incentives are controlled for, and we finally

evaluate the success of observational learning in diverse guessing situations. The same data restrictions

2! As a robustness check, we repeat the OLS regression on the subset of payoff relevant guesses as for each participant
only one randomly selected guess is paid in each repetition of the cascade game. We find that the relative frequency of

correct guesses is significantly higher for observed (0.701) than for unobserved (0.656) at the 10% level.
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apply to the various parts of the analysis as for the first experiment.

5.1 Descriptive Statistics

Like in Experiment 1, participants guess overwhelmingly in accordance with their private information
in situations where private and public information do not contradict each other. At favoring majorities
98% of observed and 96% of unobserved guesses follow private information. And when participants
face histories with an equal number of blue and orange guesses 96% of observed and 93% of unobserved
guesses are informative.

Moreover, herding frequencies of unobserved in part 2 are slightly higher than those in the first
experiment with about 31%, 75% and 95% of the guesses contradicting private information after
contrary majorities of size 1, 2 and more than 3, respectively. In contrast to Experiment 1, there are
small differences between the herding frequencies of observed and unobserved in part 2 for any size
of the contrary majority. In parts 3 to 4 observed herd less frequently than in part 2 and frequencies
of informative guesses reach comparable levels as in the first experiment though they remain lower.
Higher observed herding frequencies in the second than in the first experiment lead to more majorities
of size 7 and less majorities of size 5 in the second than in the first experiment (46% versus 38% and

30% versus 38% when averaging over parts 2 to 4).

5.2 Responses to the Empirical Value of Contradicting Private Information

Figure 3 plots value_contra_PI against the proportion of contradictions collected in identical guessing
situations and it superimposes IV fitted lines for observed in the last three parts of sessions and
for unobserved. There are 109 distinct guessing situations depicted in the figure for a total of 3,986

individual observations.
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FIGURE 3. PROPORTION OF PRIVATE INFORMATION CONTRADICTIONS (EXP. 2)
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The responses of unobserved to value_contra_PI are similar in our two experiments. In each half
of the figure the overall proportion of unobserved contradictions is (almost) identical in the two ex-
periments, and we also reject the hypothesis that the average unobserved systematically makes the
money-maximizing guess in Experiment 2 as the vertical distance between the dark line and (0.5, 0.5)
is strongly significant (two-tailed p-value < 0.01; the dark line goes through (0.5, 0.326) and (0.533,
0.5)). The evidence therefore indicates that in situations where the monetary incentives to herd are
the weakest an easier identification of the strategies played by observed does not enable unobserved
to assess the value of their available information significantly better. In fact, averaging across ob-
servations where value_contra_PI € [0.5,0.6[, the relative frequency of unobserved guesses that are
optimal is lower in Experiment 2 than in Experiment 1 (0.695 versus 0.733). Thus, in the absence
of future information benefits of guesses, the overemphasis on private information partly originates
from the fact that participants incorrectly combine their private signal with the information inferred
from public guesses. On the other hand, once the incentives to follow others are stronger unobserved
make more money-maximizing guesses in Experiment 2 than in Experiment 1: Averaging across ob-
servations where value_contra_PI € [0.6,0.65[, 84% and 89% of the unobserved guesses are optimal in
Experiment 1 and 2, respectively (there is no guessing situation which occurs at least 10 times for
which value_contra_PI >0.65 in Experiment 2).

As in Experiment 1, observed always act more informatively than unobserved in Experiment 2.
The vertical distance between the fitted line for observed and (0.533, 0.5) is significant in part 2
(one-tailed p-value = 0.038) and strongly so in parts 3 and 4 (one-tailed p-values < 0.01). More
interestingly, when the strategies they play are easier to identify observed seem to strengthen their
responses to private information. At the level of monetary incentives where the average unobserved
response reaches 0.5—walue_contra_PI = 0.549 and 0.533 in Experiment 1 and 2, respectively—the
predicted frequencies to contradict private information for observed are lower in Experiment 2 than in
Experiment 1 (the difference between the two predicted frequencies equals -0.047, -0.056 and -0.048
in part 2, 3 and 4, respectively). But as the monetary incentives to herd increase, the proportions
of observed and unobserved contradictions also become more similar in Experiment 2. The difference
between the proportion of unobserved and observed contradictions averaged across observations where
0.5 < wvalue_contra_PI < 0.6 is 0.247, 0.220 and 0.570 in part 2, 3 and 4, respectively. And the same
difference averaged across observations where wvalue_contra_PI > 0.6 is 0.078, -0.017 and 0.228 in
part 2, 3 and 4, respectively. Finally, observed make slightly more money-maximizing guesses when
value_contra_PI < 0.5 in Experiment 2 than in Experiment 1 (across parts the average proportion
equals 0.961 and 0.967 in Experiment 1 and 2, respectively) though the proportion of unobserved
contradictions is exactly the same in the two experiments.

To summarize, in Experiment 2 observed increase the informativeness of their guesses whereas
unobserved reluctance to contradict private information slightly decreases only in situations where
the monetary incentives to follow others are strong enough. We conclude that reducing behavioral
uncertainty amplifies the difference in the overemphasis on private information between the observed

and unobserved sequence.
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5.3 Information Aggregation and Fractions of Correct Guesses
5.3.1 Measuring the Information Aggregated by Observed Guesses

Table 3 reports the predicted levels of value_contra_PI in Experiment 2 by session parts and types of
majorities (as explained in Subsection 4.3.1, the predicted levels in both experiments are derived from

the same OLS regression).

Part 2 Part 3 Part 4
Large Favoring Majorities 0.130 0.127 0.082
(0.116, 0.144) (0.117, 0.136) (0.068, 0.095)
Moderate Majorities 0.324 0.340 0.338
(0.307, 0.341) (0.330, 0.349) (0.324, 0.353)
Large Contrary Majorities 0.601 0.644 0.740
(0.557, 0.645) (0.621, 0.667) (0.699, 0.782)

Every guessing situation for which value_contra_PI can be computed is included for a total
of 7,068 individual observations. 95% robust confidence interval in brackets, clustered at

the session level and constructed using the delta method.

TABLE 3. PREDICTED LEVELS OF walue_contra_PI IN THE Observed SEQUENCE (Exp. 2)

For every part of sessions, the predicted level of value_contra_PI is lower in Experiment 2 than in
Experiment 1 at large favoring majorities and it is higher at large contrary majorities. The difference
is strongly significant for both types of large majorities in part 4, it is strongly significant for large
favoring majorities but insignificant for large contrary majorities in part 2, and it is weakly significant
for large contrary majorities but insignificant for large favoring majorities in part 3. Overall, large
majorities aggregate more information in Experiment 2 than in Experiment 1 and the effect is most
pronounced in the latest part of sessions. On the other hand, the predicted levels of value_contra_PI
do not differ significantly in the two experiments at moderate majorities for any part.?

We conclude that reducing the level of behavioral uncertainty improves the information aggregation

process in our laboratory cascade game.

5.3.2 Relative Frequencies of Correct Guesses

Finally, based on the regression results reported in Table 2, we discuss how much participants earn
and how efficiently they use their available information in Experiment 2 compared to Experiment 1.

In line with their responses to value_contra_PI, the second column of Table 2 shows that unob-
served use their available information more efficiently in Experiment 2 than in Experiment 1 though
the difference is statistically non-significant. And since observed guesses in part 2 aggregate more in-
formation in the second than in the first experiment, the earnings of unobserved are (non-significantly)
higher in Experiment 2 than in Experiment 1.

Similarly, observed in parts 2 and 3 use their available information more efficiently in Experiment 2

than in Experiment 1 though the difference is never statistically significant. This finding is driven by

22Robustness checks always confirm that in part 4 large majorities aggregate significantly more information in the
second than in the first experiment. However, differences between the two experiments in parts 2 and 3 are less robust

to the subset of data used or to the minimum threshold of the large majority size. See Appendix D.3 for details.
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the fact that, though observed in parts 2 and 3 increase the informativeness of their guesses in Exper-
iment 2 when the monetary incentives to herd are moderately weak i.e. value_contra_PI € (0.5,0.6),
they make more (resp. as many) money-maximizing guesses in Experiment 2 than in Experiment 1
when value_contra_PI < 0.5 (resp. when value_contra_PI > 0.6). We therefore expect observed in parts
2 and 3 to receive higher earnings in Experiment 2 than in Experiment 1 given that their guesses
always aggregate more information in the second than in the first experiment. This is indeed the case
for observed in part 2 whose earnings are (non-significantly) higher in Experiment 2 than in Exper-
iment 1 but, surprisingly enough, observed in part 3 earn significantly less in Experiment 2 than in
Experiment 1 at the 10% level. The reason for this surprising finding is that the relative frequency of
signal realizations which indicate the correct state is unfortunately much lower in Experiment 2 than
in Experiment 1 (0.60 versus 0.71).%3

On the other hand, we find that observed in part 4 use their available information significantly less
efficiently in Experiment 2 than in Experiment 1 at the 5% level. Indeed, not only do observed in
part 4 increase the informativeness of their guesses in Experiment 2 when value_contra_PI € (0.5,0.6),
they also make less money-maximizing guesses in Experiment 2 than in Experiment 1 both when
value_contra_PI < 0.5 and when wvalue_contra_PI > 0.6. Thanks to their guesses aggregating more
information, the earnings of observed in part 4 are basically identical in the two experiments.

To summarize, when the behavioral uncertainty is reduced unobserved as well as observed in parts
2 and 3 are able to better use their available information on average which enhances their earnings
(expect in the unfortunate case of observed in part 3). By contrast, observed in part 4 fail to reap the
benefits of their informative guesses as they follow others too little when the monetary incentives to

do so are strong.

6 Conclusion

The experimental evidence presented in this paper enriches our understanding of how people learn
from the actions of others. Previous cascade game experiments concluded that the reluctance of
participants to contradict their private information originates either from non-Bayesian updating or
from a misperception of the informational content of observed actions. Past experiments however have
not been designed to properly separate the explanation in terms of judgment or inferential biases from
the intuitive explanation that participants recognize the future informational benefits of actions and
behave altruistically. Our laboratory cascade setting, on the other hand, enables us to cleanly assess
the relative impact of altruism and cognitive biases on observational learning. Participants play the
cascade game in two parallel decision sequences, the observed and the unobserved sequence, and in each
sequence they face the challenge of extracting information from the actions of others and combining it
with their private information. In the observed sequence future informational benefits of actions are
present but they are absent in the unobserved sequence. We report two cascade game experiments
that directly test the impact of altruism on observational learning where participants in the second
experiment are offered better opportunities to learn about the strategies played by observed.

The results of Experiment 1 confirm the main implications of altruistic observational learning which

23In Experiment 1, the empirical signal quality equals 0.66, 0.71 and 0.67 for observed in part 2, 3 and 4, respectively.
In Experiment 2, the empirical signal quality equals 0.70, 0.60 and 0.65 for observed in part 2, 3 and 4, respectively. For

unobserved, the empirical signal quality equals 0.65 and 0.71 in Experiment 1 and 2, respectively.
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are derived in our theoretical section. Future informational benefits of actions reduce the likelihood
of errors in situations where private and public information are concordant and they induce partici-
pants to significantly increase their response to private information when the monetary incentives to
follow others are moderately weak. Once these incentives are strong enough, however, participants
largely follow others. As a consequence, long laboratory cascades accumulate substantial public in-
formation which in turn increases the earnings of participants. In the absence of future informational
benefits of actions, participants act as if they slightly overweight their private information relative to
the public information only when the monetary incentives to follow others are the weakest. These
findings therefore indicate that future informational benefits of actions are the main driving force of
the overemphasis on private information and its attenuation in long laboratory cascades.

Reducing the level of behavioral uncertainty in Experiment 2 amplifies the impact of altruism on
observational learning. The response to private information in the observed sequence is stronger and
more public information is aggregated in the second than in the first experiment. Yet, the earnings of
observed do not always increase when the strategies played by their predecessors are easier to identify
since in part 4 they become reluctant to contradict their private information even when the monetary
incentives to follow others are strong. In the umnobserved sequence, participants are still slightly
reluctant to contradict their private information when the monetary incentives to follow others are
the weakest. This finding suggests that in the absence of future informational benefits of actions the
overemphasis on private information is more driven by judgment biases rather than by inferential
biases.

We use Weizsacker’s approach to compare the proportions of money-maximizing guesses in the
observed and unobserved sequence as it controls for the monetary incentives. The approach enables
us to assess the impact of altruistic behavior on participants’ reluctance to contradict their private
information in different guessing situations without having to rely on a structural behavioral model
which would undoubtedly be an imperfect benchmark. Estimating the monetary incentives that
participants face in diverse situations enables us also to shed light on another essential aspect of
observational learning behavior. Indeed, the empirical value of actions is a natural measure of the
information aggregated in the decision sequence. By estimating the value of actions, we are therefore
able to directly measure the informational efficiency of observational learning in our laboratory cascade
games.?* The crucial requirement of the approach is to have sufficient data in a large variety of guessing
situations which can be satisfied by relying on the strategy method at the history level.?®

Our findings are important from two perspectives. First, our experimental results show that both
altruism and cognitive biases influence how participants learn from others in cascade games. The
methodological implication of our findings is that laboratory settings without future informational
benefits of actions are the most appropriate for isolating and in turn understanding the influence
of cognitive biases on observational learning behavior. Second, the presence of future informational
benefits of actions is a contextual factor which favors the aggregation of information and heightens
efficiency levels relative to rational herding. Concerned by the underinvestment in public information

of rational herders, economists have designed mechanisms which release additional public informa-

24The strength of the underlying monetary incentives can also be used in other laboratory interactions to assess the

amount of information aggregated by the decision-making institution.

5 As noted by Cipriani and Guarino (2009), the use of the strategy-like method does not seem to induce a different

herd behavior in laboratory financial markets.
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tion or incentivize individuals to reveal their private information (Smith, Sgrensen, and Tian, 2014).
Our findings suggest that interventions which simply emphasize to individuals the value of signaling

information to their successors might already improve economic welfare.
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Appendix A contains the proofs of Propositions 1 and 2. Appendix B exhibits some non-monotonic
equilibria and it offers evidence on how rapidly the number of equilibria grows with the degree of altruism.
Appendix C outlines the Logit Quantal Response Equilibrium (LQRE) concept, it contains the proof of
Proposition 3, and it provides detailed LQRE predictions for our laboratory cascade game. Appendix
D complements the statistical analysis reported in the main text. Finally, Appendix E provides the
instructions for Experiment 1. Instructions for Experiment 2 were adapted accordingly and they are

available from the authors upon request.

Notational remark:

Throughout the paper we focus on behavioral strategies oy : S x Hy — D(X) for t = 1,...,T where
ot (x| s, hy) denotes the probability that player ¢ picks action x; € X at history hy € H given signal s € S.
In the main text we rely on the simplified notation in which oy (s, h¢) denotes the probability that the
player picks action z; = B and 1 — oy (s, h) denotes the probability that she picks action x; = O. In this
appendix, we sometimes rely on the more rigorous notation oy (- | s, h;), and we employ the simplified

notation whenever the meaning is obvious.



Appendix A. Proofs of Propositions 1 and 2

Section A.1 contains the proof of Proposition 1. Section A.2 collects in a series of lemmas several properties
of continuation values and sequential equilibria, and provides a discussion of monotonic equilibria. In
Section A.3 we prove four lemmas that form the basis of Proposition 2. Finally, section A.4. completes

the proof of Proposition 2.

A.1. Proof of Proposition 1

Ali and Kartik (2012) consider a simple setting of observational learning with collective preferences:
a player’s payoff depends on a binary state of nature and on the profile of any subset of all players.
While players may differ in how they care about the choices of others, each player weakly prefers oth-
ers to take the most profitable action. The observational learning game of Ali and Kartik is given
by <T, X, H,0,p,5q,=, ¢, {vt}?:1> where = is a set of preference types and the vector of players’
preference types (£1,...,&r) is drawn from the distribution ¢ € D (ET) The von-Neumann Morgen-
stern utility functions v; : X7 x © x E —» R, t = 1,...,T, satisfy for each t,7 = 1,...,T, each

T-1 —
T_r=(T1,...,Tr1,Trq1,...,27) €X , and each & € =

(Assumption 1) v (wirvBaft) = Ut (winaft) and vt (HJJ_rTa vat) Sy (-’B:T, O;ft);

(Assumption 2) ¢ [vt (a:fT,B,&) — v (a::T,B,§t)] =(1-c¢) [vt (zc:T,(’),§t) — v (a:fT,(’),ﬁ’t)]
for some c € (0, 1);

+

where *_ = (z1,...,2,-1,B,zr41,...,o7) and ~_ = (x1,...,2,-1,0,Tr41,...,2TT).

Theorem 1 (Ali and Kartik, 2012). For any payoff structure that satisfies Assumptions 1 and 2, the
strategy profile (at)thl given by

1 if e (s, hy) > ¢
ot (st,he, &) = 3 ¢ if g (s, hy) = ¢
0 if e (st,hy) <c

s a sequential equilibrium of the observational learning game with collective preferences.

To prove Proposition 1 we show that the utility function

ut (x,0) = 7 (24,0) + « Z 7 (xr,0)
T#t

satisfies (Assumption 1) and (Assumption 2) (there is a single preference type).
(Assumption 1) This follows from 7 (B,B8) =1> 0= 7 (0,B) and 7 (B,0) =0<1 =7 (0,0).
(Assumption 2) The assumption holds with ¢ = 1/2 since

_ 1 ifr=t
B) = Ut (ZB_T,O) — Ut (wiT,O) :{ o ifret

Notice finally that p > 1/2 implies that p; (s¢, hy) = 1/2 never occurs, so the definition of the strategy in

this case is inconsequential. N



A.2. Additional Lemmas

To ease the writing of the proofs of Propositions 2 and 3, we derive in a series of lemmas some useful

properties of continuation values, strategies, and sequential equilibria.

The first lemma gives a recursive statement of the continuation values.
Lemma A1l. The continuation values satisfy
(i) Cr(zr | hy,0,0_7) =0 for each xp € X, hy € Hy, 6 € ©, and each o_7,

(i) Ce(zy | hy,0,0-4) = Y Pr(zesr |0, hyy) [7(@e41,0) + Copr (zeg1 | ht+170707(t+1))] Jor each

Tt+1€X
t < T, a, hy, 0 and oy where Pr(zyy1 | 0, hq) = 350 e Pr(sia [ 0) or (Tesn | se41, hyg)

and ht+1 = (ht, J,‘t).

Proof. The first property holds by definition. For the second property fix o, t < T, x; € X, hy € H;, and
0 €O, and let Pr(z; | 0,h;) =3  gPr(s: |0) o7 (z+ | sr,hr). The continuation value satisfies

Ct (J?t | htv 9) o-*t)

= Z HPr(xT | 0,h) 277(357’7‘9)

(Tt41,..yxy) T>1 T>t

= ) Z Pr(zer1|0,h1) [] Pr(z|0,hy) |7 (2es1,0) + ) 7 (2r,0)

2t+1€X (Tr42,...,T7) T>t+1 T>t+1

= > Pr(zer|0hey) |7(z1,0) + >, ][] Priz-|6,h) D] w(xr,0)

Tt41€X (T4g2,wp) T>E+] T>t+1 i
= > Pr(za | 6,h) [7(2041,0) + Crpr (w41 | heyr, 0,0 _any) ]
Tt41€X

where (hy, 2¢) € h; for each 7 > t. The third equality follows from Z(xuz,--',w) [l Pr(z- | 0,h;) =1
and we may replace o_; by o _(;41) in the last line since the continuation values of player ¢ only depend

upon strategies o, for 7 > t. O

The second lemma shows that the behavior of player T is uniquely determined in any equilibrium.

Accordingly, equilibria can be derived backwards.
Lemma A2. In any sequential equilibrium or (sp,hr) = 1(0) if ur (sp,hr) > (<) 1/2.
Proof. Since Ur (zr | s7,hr,o_7) equals

pr (sp,hr) |7 (zr,B) + a Y. w (2, B) | + (1 - pr (sp,hy)) |7 (20,0) + o Y 7 (2, O
t<T t<T

for each xr € X, Ur (B | sp,hr,o_1) > (<)Ur (O | sp,hr,o_7) if pr (sp,hr) > (<) 1 — pr (s7,hy).
O



The third lemma states that, given the focus on pure strategies and on error or signal-revealing off-
path beliefs, players’ behavior may be captured by (alternative) strategies o, (z; | s¢, A¢) which depend
on the signal s;, and the difference A; between the number of b and o signals that may be inferred from
the history h;. For instance, A; = 0 by definition. Accordingly, we henceforth work with alternative

strategies, alternative continuation values C, (A¢i1, 0) and alternative beliefs

) B L-pPr(s|0) (1-q\>] "
fi(s,Ay) = 1 + P Pr(5|5)< q ) ] .

Lemma A3. For any pure sequential equilibrium o* with error or signal-revealing off-path beliefs there
exists a profile &* of alternative strategies 6; : S x Z — D(X) such that for each t = 1,...,T, each
sy € S, and each hy € Hy

of (x| st,hy) = 67 (x4 | 54, A)
where A1 =0, and for each t > 1

o (ze | 0, A) — o (x| 0, Ar)  if op (x4 | 51, A¢) # 0 for some s; € S

Ay = Ay +
trl ! { 2 if o¢ (g | 8¢, Ar) =0 for each sy € S

with z; = 0 for error off-path beliefs, and zy = 1(—1) if xy = B (O) for signal-revealing off-path beliefs.

Proof. Fix a pure sequential equilibrium o with either error or signal revealing off-path beliefs. The proof

shows that beliefs and continuation values only depend upon the difference A; for each player ¢.

Beliefs: For each t € {1,...,T}, each s; € S, and each hy € H; on the equilibrium path,
~1
1—pPr(s|0) (1-q)or (x| bhs) + qor (27 | 0,hy)

hy) = |1+
pe (8¢, ) p Pr(s|B) f2qor(z,|bhy) + (1—¢)or (2, |0,hy)

Since h; is on the equilibrium path, o, (z; | s;,h;) > 0 for each 7 < t and at least one s; € S. In
addition, either o, (z; | b,h;) = 07 (z+ | 0,h;), or o, (x| b,h;) =1 and o, (z; | 0,h;) = 0 or vice versa.
It follows that

(1—q)or (- | b,hy) + qor (z- ] 0,hy) (1 - q)”f@f'b’hf“f(mhﬂ
qUT(l"r|bahT) + (1_Q)UT(5L'T|07hT) q '

and therefore

1—[ (1-q)or(z- | b,hy) + gor (x| 0,hy) (1—q>At
qor(zr [ b,hr) + (1 —gq)or(z7 |0, hr) q .

T<t
On the other hand off-path beliefs are well-defined through the assumption that the interpretation of off-
path choices is commonly known. This is formalized by the auxiliary variable z; for the two specifications

of off-path beliefs that we focus on.

Continuation Values: We show inductively that continuation values only depend upon the difference A,

for each period t = 1,...,T. Since continuation values and beliefs uniquely determine strategies, this is

Note that continuation values in period ¢ depend upon the history h; and the own action x;. Accordingly, A1 is the
difference between the number of b and o signals that can be inferred from history hi11 = (h¢, x¢), and therefore depends
on player t’s action x:.



sufficient to prove the claim. For player T, Cr (acT | hp, 0, o'*_T) = 0 for each z7, hr, and 6 implies that
Cr (xT | hT,G,UfT) = Op (Aryq,0) if Cr (Ari1,0) = 0 for each A € Z and each § € ©. Accordingly,
assume that for each 7 > ¢

Cr (v | hr,0,0% ) = Cr (Ari1,0)

where A, is derived from h; and z, as determined above. Lemma and the induction assumption
imply that for each re {t +1,...,7 — 1}, each A€ {1l —7,...,7 — 1}, and each § € ©

OT (AT+17 9) = Z Pr (ZET+1 | 0, A‘rJrl) [ﬂ- (-TTJrla 0) + CAWTJrl (AT+2a 0)]
Tr41€X
with Pr(z,41]60,A-41) = ZST+1€5 Pr(s;41]0) 641 (zr11 | Sr41,A741). Using Lemma we obtain
for period t

Ci (¢ | hy,0,0%;) = Z Pr(zi41 [0, A1) [W (2141,0) + Cepa (At+170)] :

:L‘t+1€X

It suffices to show that A,y is uniquely determined at hy and x;. For choices on the equilibrium path
[0 (z; | b,h;) — ok (z; | 0,h;)]. For off-path choices it follows from the

assumption that the interpretation of off-path choices is commonly known. ]

this is true since Ay =,

The remaining lemmas collect some properties of monotonic sequential equilibria. According to
Definition 2 in the main text a sequential equilibrium is monotonic if it satisfies two properties. The two
conditions are minimal in the sense that none implies the other.

First, for each period t = 1,...,T strategies are increasing in the difference A; between the number of
b- and o-signals inferrable from the history hy. Given the focus on pure strategies this implies that a player
who finds it optimal to guess B (O) regardless of her signal at difference A must guess B (O) at any larger
(smaller) difference (part (i) of Lemma [A4]). Therefore, for each period ¢ the set of possible differences
{1—t,...,t—1} may by split into (up to) three subsets DY = {1 —¢,...,A,}, D{ = {A, +1,..., Ay —1},
and DP = {A,,...,t — 1} such that a player herds on action B (O) for each A, € DP (A, € Df), and
her guess strictly depends on private information for each Ay € D. DF and D? are called cascade sets.

The second property of monotonic equilibria implies that the third subset Dy is non-empty for each
t, and players follow private information for A; € D (parts (ii) and (iii) of Lemma [A4). Moreover the
set is weakly shrinking in ¢ or equivalently, the cascade sets grow weakly with .

To save upon notation define for a given strategy profile &, and for each ¢t = 1,...,7T, and each
Are{l—t,....t —1},

Pt (Ar) = (64 (b, Ar) , 61 (0, At)) -

Lemma A4. In each monotonic sequential equilibrium it holds for each t = 1,...,T, and each Ay €
{1—t,...;t—1},
(i) pr(2) = pe (Ar) for each z > (<) Ay if pe (Ay) = (1,1) (pe (Ay) = (0,0)),
(ii) o1 (b, Ay) = 64 (0, Ay),
(11i) pr(A¢) = (1,0) for each Ay € {—1,0}.
(

(iv) 6¢ (0, Ar) =1 only if Ay =1, and 64 (b, Ar) = 0 only if Ay < —2.



Proof. (i) The properties follow directly from the first part of Definition 2 (main text).

(ii) The proof is by induction: First, the property holds for ¢ = T" since 67 (b, A7) = 1(0) for Ap >
(<) =1, and 67 (0,Ar) = 1(0) for A7z > (<)1 by Lemma Second, the property holds
for t if it holds for ¢ + 1, since &4 (b, At) = 6441 (b, A¢) = G141 (0, Ar) = 64 (0,Ay) for each A; €
{1—t,...;t—1}c{1—(t+1),(t+1)— 1} using part (ii) of Definition 2 (main text).

(iii) The property follows from Lemma [A2] and the second part of Definition 2 (main text).

(iv) By part (iii) and the first part of Definition 2 (main text)  (0,2) < 6+ (0,0) = 0 for each z < —1,
and ¢ (b, z) = 6, (b, —1) = 1 for each z > —1.
O

Lemma states that continuation values are weakly increasing (decreasing) in the difference A
under state B (O).

Lemma A5. In any monotonic sequential equilibrium it holds for each t = 2,...,T, and each 1 —t <
Ay <t—2, (i) Cy (A, B) < Ci (A +1,B), and (ii) Cy (A, 0) = Cy (A +1,0).

Proof. The proof is by induction. For ¢ =T both claims are trivially true, since Cr (Ar,8) =0 for each
Are{l—T,...,T —1}, and each # € ©. Assume the claims are true for ¢ + 1. By Lemma [A4] we need

to distinguish 5 cases:
(A) prr1(A+1) =pa (A) = (1,1)

(B) 41 (A+1) = (1,1) and pr11 (A) = (1,0)
(C) pra1(A+1) = prir (A) = (1,0)
(D) pre1 (A +1) =(1,0) and pe41 (A) = (0,0)
(E) pra1 (A +1) = pey1 (A) = (0,0)

To prove these cases we employ Lemma
Ad (A): C(AB) = 1+C1(AB) <1+ Ci(A+1,B) = G (A+1,B), and C; (A,0)
Ciy1(A,0) 2 Ci1 (A+1,0) = G (A +1,0).

Ad B): C,(AB) = ¢ + qCiy1(A+1,B) + (1 — ) Cry1 (A—=1,B) < q + Cry1 (A +1,B)
1+ CAftJrl (A+1,B) = ét(A+1>B)a and ét(A7O) =q + qét+1 (A—l,O) + (1_Q)ét+1 (A+17O)
¢+ Cip1 (A+1,0) = Crir (A+1,0) =Cy (A +1,0).

A\ARW/AN

Ad (C): C't(A7B) =4q + qét-i-l (A+1aB) + (1 _Q)ét-i-l (A_LB) < q + qét+1(A+27B) +
(1-9¢)Cr1(A,B) = Ci (A+1,B), and C; (A, 0) =q¢ + ¢Ci11 (A—=1,0) + (1 —q) Ci11 (A+1,0) =
Q+q0t+1(A70) + (1_Q)Ct+1(A+27O):Ct(A+17O)

Ad (D): C’t (A7B) +1 (A,B) < qC’t-i—l (A7B) + (1 - q) ét-l‘l (A+27B) < q + qét-l-l (A,B) +
(1—¢q)Ci1 (A+2,B) (A+1,B), and C, (A, 0) =1 4+ Coi1 (A, 0) = q + ¢Ciir (A,0) + (1 —
Q) Cri1 (A+2,0)=C (A +1,0).

:ét
:ét

Ad (E): C; (A, B) = Ciy1 (A, B) < Cop1 (A+1,B) = C (A +1,B), and C; (A, 0) = 1+ Cip1 (A, 0)
>14+Ci1 (A+1,0)=Cy (A +1,0). O
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